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Solutions to some problems from the OEIS

Ralf Stephan

We give solutions to some problems from our earlier con-
jecture collection[S].

In the following, the boxes contain the number of the con-
jecture with the OEIS sequence number[OEIS].

1 / A002421

(1− 4x)3/2 = 1− 6x+
∑
n>1

12(2n− 4)!
n!(n− 2)!

xn.

Proof.

[xn](1− 4x)
√

1− 4x =

(
2n
n

)
1− 2n

− 4

(
2n−2
n−1

)
3− 2n

=
4n2(2n− 1)(2n− 2)!− (2n− 3)(2n)!

(2n− 1)(2n− 3)n!2

=
4n2(2n− 1)(2n− 2)(2n− 4)!− (2n)!

(2n− 1)n!2

=
4n2(2n− 2)(2n− 4)!− 2n(2n− 2)!

n!2

=
(2n− 4)![4n2(2n− 2)− 2n(2n− 2)(2n− 3)]

n!n(n− 1)(n− 2)!

2 / A071721 With C(x) =
1−
√

1− 4x
2x

,

(1 + x2C(x)2)C(x)2 =
∑
n

6n(2n)!
n!(n+ 1)!(n+ 2)!

xn.

Proof.

C(x)2 + x2C(x)4

=
2− 4x− 2

√
1− 4x

4x2
+ x2 8− 16x− 4(2− 4x)

√
1− 4x

16x4

=
1− 2x+ (x− 1)

√
1− 4x

x2
.

[xn](−1 + x)
√

1− 4x = −
(

2n
n

)
1− 2n

+

(
2n−2
n−1

)
3− 2n

=
(2n− 3)(2n)!− n2(2n− 1)(2n− 2)!

(2n− 1)(2n− 3)n!2

and so on, finally substitute n+ 2 for n.

104 / A020330 an = binary of n twice juxtaposed⇐⇒

{a1 = 3, a2n = 4an−2n, a2n+1 = 4an−2n+2blg 4n+2c+1}

Proof. The binary of n twice juxtaposed is simply n plus ‘n
shifted left by k bits’, where k is the binary length of n, so
we have

an = n+ n2blgnc+1,

leading to

a2n = 2n+ 2n2blg 2nc+1 = 2n+ 4n2blgnc+1 = 4an − 2n,

a2n+1 = 2n+ 1 + (2n+ 1)2blg 2n+1c+1 = etc.

108 / A006582 an =
n−1∑
k=1

k XORn− k ⇐⇒

{a<2 = 0, a2n = 2an−1 + 2an+ 4n−4, a2n+1 = 4an+ 6n}

Proof.

a2n =
2n−1∑
k=1

k XOR (2n− k) =
n−1∑
k=1

2k XOR (2n− 2k)+

+
n−1∑
k=1

2k + 1 XOR (2n− 2k − 1) + (1 XOR 2n− 1)

= 2
n−1∑
k=1

k XORn−k+
[ n−1∑
k=1

2k+1 XOR 2(n−1−k)+1
]

+2n−2

= 2an + 2
n−1∑
k=1

k XOR (n− 1− k) + 2n− 2

= 2an + 2an−1 + 2(n− 1 XOR 0) + 2n− 2.

a2n+1 =
2n∑
k=1

k XOR (2n+ 1− k) =

=
n−1∑
k=1

2k XOR (2n+1−2k)+
n−1∑
k=1

2k+1 XOR (2n+1−2k−1)

+ (1 XOR 2n) + (2n XOR 1)

=
[
n− 1 + 2

n−1∑
k=1

k XORn− k
]

+
[
n− 1 + 2

n−1∑
k=1

k XORn− k
]

+ 2(2n+ 1) = 4an + 6n.

109 / A006583 an =
n−1∑
k=1

k ORn− k ⇐⇒

{a<2 = 0, a2n = 2an−1 + 2an+ 5n−4, a2n+1 = 4an+ 6n}

1



Proof.

a2n =
2n−1∑
k=1

k OR (2n− k) =
n−1∑
k=1

2k OR (2n− 2k)+

+
n−1∑
k=1

2k + 1 OR (2n− 2k − 1) + (1 OR 2n− 1)

= 2
[ n−1∑
k=1

k ORn−k
]

+
[ n−1∑
k=1

2k+1 OR 2(n−1−k)+1
]

+2n−1

= 2an + n− 1 + 2
n−1∑
k=1

k OR (n− 1− k) + 2n− 1

= 2an + n− 1 + 2an−1 + 2(n− 1 OR 0) + 2n− 1.

a2n+1 =
2n∑
k=1

k OR (2n+ 1− k) =

=
n−1∑
k=1

2k OR (2n+ 1− 2k) +
n−1∑
k=1

2k + 1 OR (2n+ 1− 2k− 1)

+ (1 OR 2n) + (2n OR 1)

=
[
n− 1 + 2

n−1∑
k=1

k ORn− k
]

+
[
n− 1 + 2

n−1∑
k=1

k ORn− k
]

+ 2(2n+ 1) = 4an + 6n.
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